Abstract. Self ∆-equivalence is an equivalence relation for links, which is stronger than the link-homotopy defined by J. Milnor. It is known that cobordant links are link-homotopic and that they are not necessarily self ∆-equivalent. In this paper, we will give a sufficient condition for cobordant links to be self ∆-equivalent.
Introduction
In this paper, all links will be assumed to be ordered and oriented, and they will be considered up to ambient isotopy.
A ∆-move [6] is a local move on links as illustrated in Figure 1 . If the three strands in Figure 1 belong to the same component of a link, we call it a self ∆-move [11] . Two links are said to be self ∆-equivalent if one can be deformed into the other by a finite sequence of self ∆-moves.
∆-move

Figure 1.
Two links are said to be link-homotopic if one can be deformed into the other by a finite sequence of self-crossing changes [5] . Note that self ∆-equivalence implies link-homotopy, i.e., if two links are self ∆-equivalent, then they are link-homotopic.
Let 
It is known that cobordism implies link-homotopy [1] , [3] . In [11] , it is shown that every ribbon link is self ∆-equivalent to a trivial link, and it is conjectured that if two links are cobordant, then they are self ∆-equivalent. Nakanishi and Shibuya [9] give a counterexample for this conjecture. After that Nakanishi and Ohyama give a classification for 2-component links up to self ∆-equivalence [7] . By using their classification theorem, we have the following: (1) If 2-component links with linking numbers zero are cobordant, then they are self ∆-equivalent. ( 2) The links illustrated in Figure 2 are cobordant and are not self ∆-equivalent if |p| = 0. This implies that for any integer p = 0, there are two links with linking number p such that they are cobordant and not self ∆-equivalent. The case that |p| = 1 is due to Nakanishi and Shibuya [9] . The linking number is an obstruction for links which are cobordant to be self ∆-equivalent. Our purpose is to find a sufficient condition for links which are cobordant to be self ∆-equivalent. Since any knot is (self) ∆-equivalent to a trivial knot [6] , any link is self ∆-equivalent to a link each component of which is a trivial knot. For a 2-component link with trivial components, the following conditions are equivalent:
(1) The linking number is 0. For links with n trivial components (n ≥ 3), the conditions above are not equivalent. Note that (3) ⇒ (2) ⇒ (1). So we have the following questions.
Questions. Let L 0 and L 1 be cobordant and their components all trivial.
(1) If the linking numbers of all 2-component sublinks of L i (i = 0, 1) are 0, then are they self ∆-equivalent?
(2) If L 0 and L 1 are link-homotopic to a trivial link, then are they self ∆-equivalent?
In this paper, we give a negative answer to Question (1) and an affirmative answer to Question (3). Question (2) is still open (likely negative).
The following theorem gives us an affirmative answer to Question (3).
The following propositon gives a negative answer to Question (1). 
Proposition 1. There exists a 3-component link with trivial components such that it is cobordant to Borromean rings and it is not self
Proof of Theorem 1
is called a ribbon concordance [2] if the restriction to A of the projection
] is a Morse function with no minimal points. In this case we write
. Therefore, Theorem 1 follows directly the following theorem.
Proof.
We choose L 0 up to self ∆-equivalence so that the number of the maximal points for ribbon concordance 
consists of proper arcs in b kl , which are called ribbon singularities (see Figure 3) ,
Note that the 2-disks D ij 's correspond to the maximal points for the ribbon concordance. Set Moreover, by sliding bands in B 1 suitably [4] , we may assume that b 11 connects ∂D 0 and ∂D 11 , and that b 1j connects ∂D 1(j−1) and ∂D 1j , without changing the number of 2-disks in D.
We Figure 5 Figure 5 . Figure 6 (a), (b) and (c) are realized by ∆-moves. Figure 7 is realized by a single ∆-move and ambient isotopies (for example, see [12] ), the claim above follows Figure  8 (a), (b) and (c).
Claim. The deformations as illustrated in
Proof of Claim. Since the local move as illustrated in
By combining the deformations as illustrated in Figure 6 In these deformations, the ambient isotopy class of (
We note that L 0 is self ∆-equivalent to L 0 , and that L 0 and L 1 bound a ribbon concordance (K 11 × I) ∪ A 2 ∪ · · · ∪ A n . This contradicts the minimality of the number of maximal points for the ribbon concordance.
Proof of Proposition 1
Let L 0 be Borromean rings, and let L 1 be a link as illustrated in Figure 9 . Since L 0 and L 1 are cobordant, we will show that L 0 and L 1 are not self ∆-equivalent.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use In order to prove this, we need the following proposition given in [8] . Proof of Proposition 1. We take a diagram of L 0 as illustrated in Figure 10 . Then we have
This can be shown to be isomorphic to a, p, x|S 1 , S 2 , where
Hence the Alexander matrix is equivalent to the following matrix modulo
.
So we have
On the other hand, we take a diagram of L 1 as illustrated in Figure 11 . Then we have By Proposition 2, we have the conclusion.
